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H-SPACE STRUCTURES ON SPACES OF METRICS OF
POSITIVE SCALAR CURVATURE
GEORG FRENCK
Abstract. We construct and study an H-space multiplication on R+(M) for
manifolds M which are nullcobordant in their own tangential 2-type. This is
applied to give a rigidity criterion for the action of the diffeomorphism group
on R+(M) via pullback. We also compare this to other known multiplicative
structures on R+(M).
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1. Introduction
Let R+(M) denote the space of metrics of positive scalar curvature (here-after:
psc-metrics) on a given manifold M . In this paper we will examine multiplicative
structures on R+(M). In order to state our results with the least amount of
technicalities we confine ourselves to the case of Spin-manifolds. A Spin-manifold
M is called Spin×Bpi1(M)-nullcobordant if for a classifying map f : M → Bpi1(M)
of the universal cover, the element [f : M → Bpi1(M)] vanishes in the cobordism
group ΩSpind (Bpi1(M)). The following is our main theorem (see Theorem 3.1 for the
general version).
Theorem A. Let M be a Spin-manifold of dimension at least 6, which is Spin×
Bpi1(M)-nullcobordant. Then R+(M) is a homotopy-associative, homotopy-com-
mutative H-space.
Remark. Note that any Spin×Bpi1(M)-nullcobordant manifold of dimension at
least 5 admits a psc-metric as a consequence of the famous Gromov–Lawson–Schoen–
Yau surgery theorem (see [GL80] and [SY79]).
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2 GEORG FRENCK
Our main result applies in particular to high-dimensional spheres, generalizing
a result of Walsh [Wal14], and products of arbitrary Spin-manifolds with Sn for
n ≥ 2. The key feature of this H-space structure is that the multiplication map is
given “geometrically”. To explain what this means, let us recall the main result
from [Fre19]: Let (M0, f0), (M1, f1) be (d − 1)-dimensional Spin-manifolds with
maps fi : Mi → Bpi where pi := pi1(M). We define ΩSpin,pid (M0,M1) to be the set
of equivalence classes of pairs (W,F ) of d-dimensional Spin-manifolds W together
with maps F : W → Bpi such that ∂W = M0 qM1 and F extends f0 and f1. The
relation is given as follows: (W,F ) ∼ (W ′, F ′) if there exists a (d+ 1)-dimensional
relative Spin×Bpi-cobordism connecting (W,F ) and (W ′, F ′), i. e. ΩSpin,pid (M0,M1)
is the set of (relative) cobordism classes of cobordisms from M0 to M1. For spaces
X,Y let [X,Y ] denote the set of homotopy classes of maps X → Y . In [Fre19] we
constructed a map
ΩSpin,pid (M0,M1) −→ [R+(M0),R+(M1)],
provided that d ≥ 7 and f1 is a classifying map for the universal cover of M1. We will
omit the maps f, F . Now let M be a Spin-manifold with fundamental group pi and
let W : ∅;M be a Spin×Bpi-nullcobordism of M1. This gives a homotopy class of
a map S(W ) : R+(∅)→ R+(M) and since R+(∅) = {g∅} is a point, we get a base
point component ofR+(M). Furthermore let XW := W opqW opqW : MqM ;M ,
where W op denotes the flipped cobordism. Then the homotopy class of the map
µW := S(XW ) : R+(M)×R+(M)→ R+(M)
gives the H-space structure in Theorem A with the neutral element given by
eW := SW (g∅). Since µW only depends on the class of XW in ΩSpin,pid (M qM,M),
it is possible to prove Theorem A by doing computations in this cobordism set. This
leads to a form of computation which we call graphical calculus. Since the definition
µW required the choice of a null-cobordism W , it is natural to ask wether µW is
independent of this choice. This is answered by the following lemma.
Lemma B (Lemma 3.5). Let M and N be Spin-manifolds of dimension at least 6
with the same fundamental group pi. Let W : ∅;M and W ′ : ∅; N be respective
Spin×Bpi-nullcobordisms. Then the map
S(W op qW ′) : (R+(M), µW )→ (R+(N), µW ′)
is an equivalence of H-spaces. If W ′ = W qB for B a closed Spin-manifold with
α(B) 6= 0, then S(W op qW ′) does not fix any path component and in particular is
not homotopic to the identity.
We also show that the components of invertible elements are independent of the
nullcobordism W (see Proposition 3.6). If furthermore N is a (not necessarily
nullcobordant) Spin-manifold with the same fundamental group pi, then we define a
map
ρW := S(N × [0, 1]qW op) : R+(M)×R+(N) −→ R+(N)
which gives an action of R+(M) on R+(N) in the homotopy category (see Propo-
sition 3.8). Using graphical calculus we obtain a triviality criterion for the ac-
tion of the oriented diffeomorphism group Diff(N) on R+(N) in the case pi = 1.
Note that for an orientation preserving diffeomorphism f : N → N of a simply
1We will omit the maps f, F in our notation.
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connected Spin-manifold N there exist 2 Spin-structures on the mapping torus
Tf := N × [0, 1]/(f(x), 1) ∼ (x, 0).
Theorem C (Theorem 3.9). Let N,M be simply connected Spin-manifolds of
dimension at least 6, let W : ∅;M be a Spin-cobordism and let f : N → N be an
orientation preserving diffeomorphism. Then f∗ : R+(N)→ R+(N) is homotopic
to the identity if there exists a Spin-structure on Tf such that eW is isotopic to
S(M × [0, 1]q Tf )(eW ). If N is Spin-nullcobordant equivalence holds.
Remark. Considering the special case that M = N we get that f∗ is homotopic to
the identity if and only if f∗eW ∼ eW . This extends [Fre19, Proposition D].
In the final Section 4 we compare µW to other multiplicative structures on R+(M).
We show that Walsh’s multiplication from [Wal14] agrees with µD for the disk
D : ∅; Sd−1 provided that d ≥ 7. We then examine the multiplicative structure on
concordance classes introduced by Stolz in [Sto91] and further studied in [WY15]
and [XYZ17]. We show that this is induced by a map of spaces and if the manifold
is Spin × Bpi-nullcobordant it is induced by µW . Finally we examine the H-
multiplication µcyl given by concatenation of metrics on cylinders shown to yield an
infinite loop space structure for a certain class of manifolds in [ERW19b]. In the
special case of the cylinder over a sphere we show that gluing in the torpedo metric
on both sides yields an equivalence of H-spaces
(R+(Sd−2 × [0, 1])g◦,g◦ , µcyl) −→ (R+(Sd−1), µD).
Acknowledgements: This paper grew out of a part of the author’s Mnster
PhD-thesis and it is my great pleasure to thank my advisor Johannes Ebert for his
guidance and many enlightening discussions.
2. Tangential structures and the surgery map
For d ≥ 0 let BO(d+1) be the classifying space of the (d+1)-dimensional orthogonal
group and let Ud+1 be the universal vector bundle over BO(d + 1). Let θ : B →
BO(d+ 1) be a fibration. We call θ a tangential structure.
Definition 2.1. A θ-structure on a real rank(d + 1)-vector bundle V → X is a
bundle map lˆ : V → θ∗Ud+1. A θ-structure on a manifold W d+1 is a θ-structure
on TW and a θ-manifold is a pair (W, lˆ) consisting of a manifold W and a θ-
structure lˆ on W . For 0 ≤ k ≤ d a stabilized θ-structure on Mk is a θ-structure on
TM ⊕ Rd+1−k.
Definition 2.2. Let θ : B → BO(d + 1) be a tangential structure. We call θ the
(stabilized) tangential 2-type of a (d − 1)-dimensional manifold M if the map θ
is 2-coconnected and there exists a (stabilized) θ-structure lˆ on M such that the
underlying map l : M → B is 2-connected.
Example 2.3 ([Fre19, Example 3.3]).
(1) The (stabilized) tangential 2-type of a connected spin manifold M of dimen-
sion at least 3 is BSpin(d+ 1)×Bpi1(M).
(2) The (stabilized) tangential 2-type of a simply connected, non-spinnable
manifold M of dimension at least 3 is BSO(d+ 1).
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Definition 2.4. Let Md−10 ,M
d−1
1 be closed manifolds with (stabilized) θ-structures
lˆ0, lˆ1. We define the cobordism set of manifolds with θ-structure and fixed boundary
by
Ωθd
(
(M0, lˆ0), (M1, lˆ1)
)
:=
{
(W, ˆ`)
}
/ ∼ .
Here, W is a d-manifold with boundary ∂W = M0 q M1 and ˆ` is a stabilized
θ-structure on W such that (−1)i lˆi = ˆ`|Mi . We call M0 the incoming boundary and
M1 the outgoing boundary (see Figure 1).
∂0W ∂1W -M1M0
W
Figure 1. A representative of an element in ΩSpind (M0,M1).
The equivalence relation is given by the relative cobordism relation: We say that
(W, `) and (W ′, `′) are θ-cobordant if there exists a (d+ 1)-dimensional θ-manifold
(X, `X) with corners such that there exists a partition of
∂X = M0 × I ∪W ∪M1 × I ∪W ′
such that the θ-structures fit together (see Figure 2).
X
W
W'
M1 x [0,1]M0 x [0,1]
Figure 2. The cobordism relation.
The main theorem of [Fre19] is the following:
Theorem 2.5 ([Fre19, Theorem 3.6]). Let d ≥ 7 and let θ be a 2-coconnected
tangential structure. Let (M0, lˆ0) and (M1, lˆ1) be (d− 1)-dimensional θ-manifolds
such that the underlying map l1 : M1 → B is 2-connected. Then there is a map
S : Ωθd((M0, lˆ0), (M1, lˆ1)) −→ [R+(M0),R+(M1)]
such that S(M1×[0, 1]) = id and S is compatible with compositions, i. e.S(W∪W ′) =
S(W ′) ◦ S(W ).
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S is called the surgery map and we will sometimes write S(W ) = SW . Note that if
B is not connected, say B = B′ qB′′, and Mi = M ′i qM ′′i for i = 0, 1 and we have
Ωθd(M0,M1) = Ω
θ′
d (M
′
0,M
′
1)× Ωθ
′′
d (M
′′
0 ,M
′′
1 ).
The following proposition is one of the key features of the cobordism relation.
Proposition 2.6 ([Fre19, Proposition 3.25]). Let W d : M0 ;M1 be θ-cobordism.
Then there exists a θ-structure on W op : M1 ; M0 such that W ∪W op ∼ M0 ×
[0, 1] rel M0 × {0, 1}. In particular, if W : ∅;M is a θ-nullcobordism, the double
dW := W ∪W op is θ-nullcobordant and W op qW is θ-cobordant to the cylinder
M × [0, 1].
Let us close this section by recalling the definition H-spaces. From now on the
symbol “=” will denote equality in the homotopy category of spaces, i.e. f = f ′
means f and f ′ are homotopic. Let us start by recalling the notion of an H-space.
Definition 2.7. An H-space is a triple (X,µ, e) where X is a space, e ∈ X and
µ : X ×X → X is a homotopy class of a map, such that µ(e, ) = µ( , e) = id. An
H-space is called homotopy-commutative if µ ◦ τ = µ, for τ : X ×X → X ×X the
switch map and it is called homotopy-associative if µ ◦ (µ, id) = µ ◦ (id, µ). An
equivalence of H-spaces (X,µ, e) and (X ′, µ′, e′) is a (homotopy class of a) homotopy
equivalence ϕ : X → X ′ such that µ ◦ (ϕ,ϕ) = ϕ ◦ µ and ϕ(e) ∼ e′.
Remark 2.8. Usually the definition of an H-space involves the choice of an actual
map X ×X → X. The definition given here is more in spirit of an H-space being a
unital magma object in the homotopy category of spaces. Furthermore, since the
neutral element of an H-space is only well-defined and unique up to homotopy it
suffices to specify the component of e.
Definition 2.9. Let Y be a space and let X = (X,µ, e) be an H-space. An action
of X on Y in the homotopy category is a homotopy class of a map
ρ : X × Y → Y,
such that ρ(e, ) = idY and ρ(µ, id) = ρ(id, ρ).
3. Graphical calculus
Let d ≥ 7, let Md−1 be a manifold and let θ be its tangential 2-type. Let lˆ be a
2-connected θ-structure and let W : ∅;M be a θ-nullcobordism of (M, lˆ).We get a
map S(W ) : R+(∅) = {g∅} → R+(M) which gives a base-point component eW of
R+(M). Furthermore, let XW := W op qW op qW : M qM ; M (see Figure 3).
We define
µW := S(XW ) : R+(M)×R+(M)→ R+(M)
M
W
XW
Wop
Figure 3. The θ-cobordism XW : M qM ;M .
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Theorem 3.1. (R+(M), µW , eW ) is a homotopy-commutative, homotopy-associa-
tive H-space.
Proof. First we show that eW really is the neutral element. We need to show that
µW ◦ (id,S(W )) is homotopic to the identity. Now (id,S(W )) = S(M×I)qW and so
µW ◦ (id,S(W )) = SXW ◦ S(M×I)qW = S(M×I)∪W opqdWqW = S(M×I)∪(M×I) ∼ id
as the double of W is nullcobordant by Proposition 2.6. This computation relies on
the cobordism relation and is depicted in Figure 4.
dW = W u Wop
Figure 4. µW ◦ (id,S(W )) = id
For commutativity, the composition µW ◦τ , where τ is the map switching the factors,
has to be homotopic to µW . The map τ however is given by the surgery map S
for the cobordism in Figure 5 and the composition of this cobordism with XW is
cobordant to XW relative to the boundary.
𝜏
Figure 5. µW ◦ τ = µW .
For associativity we need to show that µ ◦ (µ, id) = µ ◦ (id, µ). Again, all maps are
given by surgery maps and the proof is finished by Figure 6.
Figure 6. µ ◦ (µ, id) = µ ◦ (id, µ).

Corollary 3.2. pi0(R+(M)) is an abelian monoid, pi1(R+(M), eW ) is an abelian
group and H∗(R+(M),F) is a graded Hopf algebra for any field F.
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Remark 3.3. A word of warning is appropriate here: Using pictures to do com-
putations can be dangerous as illustrated by the following example: consider the
cobordism X := W op qW op qW qW : M qM ;M qM (see Figure 7).
Figure 7. X := W op qW op qW qW : M qM ;M qM
We then have two decompositions (W opqW )q(W opqW ) = X = XWqW ofX. One
might be tempted to think that (µW , e) = SXWqW = S(W opqW )q(W opqW ) = (id, id)
implying that R+(M) is contractible. This computation is wrong, as one needs to
consider the tangential 2-type of the outgoing boundary which is not connected
in this case and one has to define which component of the incoming boundary
is belonging to which component of the outgoing boundary. When the outgoing
boundary is connected one does not need to be as careful here.
Example 3.4. By the definition of S we get eD = gd−1◦ for D = Dd : ∅; Sd−1.
The next lemma explains the dependence of µW on W and on M .
Lemma 3.5. Let W : ∅;M and V : ∅; N be to θ-nullcobordisms. Then
ϕ := S(W op q V ) : (R+(M), µW , eW ) −→ (R+(N), µV , eV )
is an equivalence of H-spaces. If M = N is simply connected and Spin and
V = W q B for a closed Spin-manifold B with α(B) 6= 0, then ϕ does not fix
any path component and in particular is not homotopic to the identity.
Proof. An inverse is given by SV opqW , so ϕ is a homotopy equivalence. We have
ϕ ◦ µW = µV ◦ (ϕ,ϕ) because of Figure 8 and eV = ϕ(eW ) because of Figure 9.
W V
Figure 8. ϕ ◦ µW = µV ◦ (ϕ,ϕ).
Figure 9. eV = ϕ(eW ).
The final part follows directly from Proposition 2.6 and [Fre19, Proposition 3.35]. 
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Even though µW and µV might be different maps, the path components of invertible
elements are the same. Let GW denote the components of invertible elements with
respect to µW .
Proposition 3.6. Let V,W : ∅ ; M be two θ-nullcobordisms. Then GW =
ϕ(GW ) = GV .
This follows from the following, more general lemma.
Lemma 3.7. Let U : M ;M be a θ-cobordism. Then
µW ◦ (S(U), id) = µW ◦ (id,S(U)) = S(U) ◦ µW
and in particular S(U)(GW ) = GW .
Proof. Since W op qW is cobordant to M × I, the formula follows from Figure 10.
For the second part let g, g′ ∈ GW such that µW (g, g′) ∼ eW and let S(Uop)(g′) ∼
Figure 10. µW ◦ (S(U), id) = S(U) ◦ µW = µW ◦ (id,S(U)).
g′′ ∈ pi0(R+(M)). Then µW (S(U)(g), g′′) ∼ µW (g,S(U)(g′′)) ∼ µW (g, g′) ∼ e and
so we have S(U)(GW ) ⊂ GW . The other inclusion follows by the same argument
for Uop. 
Now, let M be as before and let N be a manifold with the same tangential 2-type
but not necessarily θ-nullcobordant. We get a θ-cobordism YW := W
op q N ×
[0, 1] : M qN ; N (see Figure 11) and a surgery map
ρW := S(YW ) : R+(M)×R+(N) −→ R+(N).
M
W
N
N x [0,1]
Figure 11. The cobordism YW := W
op qN × [0, 1] : M qN ; N .
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Proposition 3.8. ρW defines an action of R+(M) on R+(N) in the homotopy
category of spaces.
Proof. We need to show that ρW (eW , ) = id and ρW ◦ (id, ρW ) = ρW ◦ (µW , id)
which follows from Figure 12 and Figure 13. 
Figure 12. ρW (eW , ) = id.
N
M
M
N
M
M
Figure 13. ρW ◦ (id, ρW ) = ρW ◦ (µW , id).
For the final result of this section recall that for a θ-diffeomorphism2 f : (N, lˆN )→
(N, lˆN ) the main result from [Fre19] states that the pullback map f
∗ : R+(N) →
R+(N) is homotopic to S(N×[0, 1]qTf ), where Tf denotes the θ-structured mapping
torus.
Theorem 3.9. Let f : N → N be a θ-diffeomorphism of N . If S(M×[0, 1]qTf )(eW )
and eW lie in the same component of R+(M), then f∗ : R+(N) → R+(N) is
homotopic to the identity. If furthermore N is θ-nullcobordant, equivalence holds.
Remark 3.10. In particular this shows the following for N = M : If f∗eV and eV
lie in the same path component of R+(N), then f∗ is homotopic to the identity.
Proof of Theorem 3.9. We have
f∗ = S(N × [0, 1]q Tf ) = ρW (eW ,S(N × [0, 1]q Tf ))
= ρW (S(M × [0, 1]q Tf )(eW ), id)
where the last equality follows from Figure 14.
2If θ : BSpin(d+ 1)→ BO(d+ 1), a θ-diffeomorphism is an orientation preserving diffeomorphism
f : N
∼=−→ N together with an isomorphism of Spin-structures f∗ lˆN ∼= lˆN . For more on general
θ-diffeomorphisms see [Fre19, Section 3.3].
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N
M
N
M
Tf
Tf
Figure 14. ρW (id,S(N × [0, 1]q Tf )) = ρW (S(M × [0, 1]q Tf ), id).
If N is θ-nullcobordant as well, say via V : ∅; N , then ρW = µV (S(W op q V ), id)
(see Figure 15) and we compute
ρW (S(M × [0, 1]q Tf )(eW ), id) = µV
(
S(W op q V )(S(M × [0, 1]q Tf )(eW )), id).
N
M
Wop
V
M
N
Figure 15. ρW = µV (S(W op q V ), id).
This is homotopic to the identity if and only if S(M × [0, 1]q Tf )(eW ) ∼ eW since
S(W op q V ) is an equivalence of H-spaces. 
Since every orientation preserving diffeomorphism of a simply connected Spin-
manifold N lifts to a Spin-diffeomorphism, Theorem C follows immediately from
Theorem 3.9.
Remark 3.11. The computations from this section rely on the maps being given
geometrically via cobordisms. This is reminiscent of quantum field theories which
are functors from cobordism categories. Note however, that we also make frequent
use of the cobordism relation which allows to introduce and cancel doubles.
4. Comparison to other multiplicative structures on R+(M)
4.1. Walsh’s construction. Let us start by recalling the construction from [Wal14].
Let d− 1 ≥ 4 and let ϕi : Dd−1 ↪→ Sd−1 be disjoint embeddings for i = 1, 2, 3. Let
u = u′∪ (ϕ1)∗gtor∪ (ϕ2)∗gtor∪ (ϕ3)∗gtor ∈ R+(Sd−1, ϕ1qϕ2qϕ3) be a fixed metric
in the component of the round metric in R+(Sd−1). For clarity let us from now on
index the spheres: Sd−10 and S
d−1
1 will denote the spheres on which we multiply
and Sd−12 is the remaining “reference” sphere. A multiplication map
µtor : R+(Sd−10 , ϕ1)×R+(Sd−11 , ϕ1)→ R+(Sd−1, ϕ1)
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is given as follows: For i = 0, 1, let gi ∈ R+(Sd−1i , ϕ1), say gi = g′i ∪ (ϕ1)∗gtor. We
define µtor(g0, g1) := f
∗(g′0 ∪ u′ ∪ g1 ∪ (ϕ1)∗(gtor)) for a fixed diffeomorphism
f : Sd−1
∼=−→
(
(Sd−10 \ im ϕ1)q (Sd−12 \ (im ϕ2 ∪ im ϕ3)q (Sd−11 \ im ϕ1)
)
/ ∼
The relation identifies ∂(im ϕ1) from S
d−1
0 with ∂(im ϕ2) from S
d−1
2 and ∂(im ϕ1)
from Sd−11 with ∂(im ϕ3) from S
d−1
2 (see Figure 16). Furthermore we may choose f
so that f ◦ ϕ1 = ϕ1 and ϕ1 for ϕ1 : Dd−1 ↪→ Sd−12 .
𝞿1
𝞿1
𝞿1
𝞿2 𝞿3
Figure 16. The multiplication µtor.
The obtained metric µtor(g0, g1) restricts to (ϕ1)∗gtor on im ϕ and hence lies in
R+(Sd−1, ϕ1). Since the inclusionR+(Sd−1, ϕ1) ↪→ R+(Sd−1) is a weak equivalence,
this defines an H-space multiplication µtor with neutral element given by the round
metric on R+(Sd−1) (cf. [Wal14, Theorem 5.1]). It turns out that the component of
the round metric g◦ on Sd−1 is a (d− 1)-fold loop space (cf. [Wal14, Theorem 9.6]).
Now let ϕ12 : S
0×Dd−1 ↪→ Sd−10 qSd−12 and ϕ13 : S0×Dd−1 ↪→ Sd−11 qSd−12 be
the disjoint union of ϕ1 with ϕ2 or ϕ3 respectively. Since u = g◦ = eD, the map µtor
is given by the surgery map for the cobordism (see Figure 17 for a visualization)
W =
(
(Sd−10 q Sd−11 )× [0, 1]qDd
)
∪
(
tr (ϕ12)q Sd−11 × [0, 1]
)
∪ tr (ϕ13)
Sd-1
Sd-1
Sd-1
0
1
2
tr(φ12)
tr(φ13)D
Figure 17.
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Let D = Dd : ∅; Sd−1 denote the d-dimensional disk.
Proposition 4.1. W is Spin-cobordant to Dop qDop qD.
Proof. tr (ϕ12) and tr (ϕ13) are both Spin-cobordant toD
opqDopqD via connected
sum on the interior. So W is cobordant to Dop qDop qD q 2(D ∪Dop). 
Corollary 4.2. If d ≥ 7, then µtor and µD are homotopic.
4.2. Stolz’s construction. Let M be a manifold of dimension d−1 ≥ 5 of positive
scalar curvature. In [Sto91] Stolz proved the existence of a group structure on
concordance classes of psc-metrics on M which was further analysed by Weinberger–
Yu in [WY15] and Xie–Yu–Zeidler [XYZ17].
Definition 4.3. Two metrics g0, g1 ∈ R+(M) are called concordant if there exists
metric G ∈ R+(M × [0, 1])g0,g1 . The metric G is called a concordance. Being
concordant is an equivalence relation and we denote the set of concordance classes
of psc-metrics on M by pi0(R+(M)).
As a convention we denote concordance classes of metrics by [g]c and iso-
topy classes by [g]. Since isotopy implies concordance, we get a canonical map
pi0(R+(M))  pi0(R+(M)). We have the following result:
Proposition 4.4 ([Fre19, Proposition 3.16 and Remark 3.17]). Let θ be the tan-
gential 2-type of M1 and let W : M0 ;M1 be a θ-cobordism. Then S(W ) induces a
map pi0(R+(M0)) → pi0(R+(M1)). Furthermore, if there exists a G ∈ R+(W )g,h,
then S(W )([g]c) = [h]c.
Proof. The final part is only stated without proof and can be proven as follows:
Let G ∈ R+(W )g,h and S(W )([g]c) = [h′]c. By [Wal11, Theorem 3.1] there exists
G′ ∈ R+(W )g,h′ and hence Gop∪G′ ∈ R+(W op∪W )h,h′ where Gop ∈ R+(W op)h,g
denotes the flipped metric. Now W op∪W is θ-cobordant to M1× [0, 1] relative to the
boundary and by the surgery theorem, there exists a metric H ∈ R+(M1× [0, 1])h,h′ ,
hence [h′]c = [h]c. 
The multiplication on pi0R+(M) is defined as follows. We take the disjoint union of
two cylinders over M and consider them as a θ-cobordism from M q−M qM ;M
as in Figure 18. Here −M denotes the same underlying manifold with the opposite
θ-structure.
M × [0, 1]qM × [0, 1]
M
−M
M
M
XC
Figure 18.
After performing surgery on this we obtain a cobordism XC : M q−M qM ;M
such that the inclusion of the outgoing boundary M ↪→ XC is 2-connected. Let
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u ∈ R+(M) be fixed. The multiplication µconc is defined by µconc([g0]c, [g1]c) = [g]c
if there exists a psc-metric G on XC restricting to (g0quq g1)q g on the boundary.
It follows directly that from Proposition 4.4 that µconc(g0, g1) = [SXC (g0, u, g1)]c
and so the multiplication µconc is induced by a map of spaces. We can now prove
associativity and commutativity of µconc using graphical calculus, where we mark
the part incoming boundary that does not belong to the multiplication by u (see
Figure 19 and Figure 20).
∼ ∼u u u
Figure 19. Commutativity of µconc
u
u
u
u
∼
Figure 20. Associativity of µconc
Let us now assume that M is nullcobordant in its own tangential 2-type via a
nullcobordism W : ∅ ; M . Then there exists a canonical choice for u := eW and
since XW ∼ (M × [0, 1]q−W qM × [0, 1]) ∪XC (see Figure 21).
Figure 21.
Corollary 4.5. If W : ∅;M is a θ-nullcobordism and u = eW , then µconc = µW .
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4.3. Concatenation of cylinders over spheres. Let Md−2 be a manifold and
h ∈ R+(M). Then ecyl := h + dt2 ∈ R+(M × [0, 1])h,h and R+(M × [0, 1])h,h
becomes a homotopy-associative H-space with the multiplication map µcyl given by
(g, g′) 7→ g ∪ g′ and appropriately rescaling back to M × [0, 1]. The neutral element
is given by ecyl. Let furthermore M be nullcobordant via N : ∅ ; M such that
(N,M) is 2-connected. Then there exists a metric h ∈ R+(M) such that N admits
a right-stable metric3 grst ∈ R+(N)h by [ERW19a, Theorem D]. The components of
invertible elements of R+(M × [0, 1])h,h carry an infinite loop space structure with
underlying H-space multiplication given by µcyl by [ERW19b, Theorem B]. We note
that goprst ∈ R+(Nop)h is left-stable and therefore we have a homotopy equivalence
clgrst := µ( , g
op
rst) ◦ µ(grst, ) : R+(M × [0, 1])h,h −→ R+(N ∪M × [0, 1] ∪Nop)
where N∪M×[0, 1]∪Nop = dN is the double of N . Since doubles are nullcobordant,
there exists a W : ∅; dN .
Question 4.6.
(1) Is there an h ∈ R+(M) and a θ-nullcobordism W : ∅;M such that there ex-
ists an equivalence of H-spaces (R+(M × [0, 1])h,h, µcyl)→ (R+(dN), µW )?
(2) If so, can one choose W such that the map clgrst is an equivalence?
The natural starting point for investigating this question is the case that M = Sd−2,
h = gd−2◦ , N = D
d−1, grst = gtor and W = D := Dd. We identify dDd−1 = Sd−1.
In this case we have that µW = Sϕ where ϕ : S0 ×Dd−1 ↪→ Sd−1 q Sd−1 is given
by the inclusion of the lower hemisphere into the first and the upper hemisphere
into the second factor. By definition of Sϕ we get that for any metrics g ∈ R+(D)g◦
and g′ ∈ R+(Dop)g◦ we have
(4.7) Sϕ((g ∪ goptor)q (gtor ∪ g′)) = g ∪ (gd−2◦ + dt2) ∪ g′.
Consider the following diagram
R+(Sd−1)×R+(Sd−1)
R+(Sd−1 q Sd−1)
R+(Sd−1 q Sd−1, ϕ)
R+(Sd−2 × [0, 1])g◦,g◦ ×R+(Sd−2 × [0, 1])g◦,g◦
R+(Sd−1)
R+(Sd−2 × [0, 1])g◦,g◦
µW
Sϕ
Sϕ
'
clgtor × clgtor
µcyl
clgtor
where the triangles commute up to homotopy by the definition and the cobordism
invariance of S and the lower square commutes up to homotopy by Equation 4.7
after appropriately rescaling the cylinders. We therefore can affirmatively answer
Question 4.6 in this special case:
Theorem 4.8. The map clgtor : (R+(Sd−2 × [0, 1])g◦,g◦ , µcyl)→ (R+(Sd−1), µD) is
an equivalence of H-spaces provided d ≥ 7.
3A metric g ∈ R+(N)h is called right-stable if the gluing map µ(g, ) : R+(V )h,h′ →R+(N ∪V )h′
is a weak homotopy equivalence.
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